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COMMON HYPERCYCLIC VECTORS FOR HIGH DIMENSIONAL FAMILIES OF OPERATORS 


FREDERIC BAYART 


Abstract. Let be a family of operators acting on a F-space X, where the parameter 

space A is a subset of We give sufficient conditions on the family to yield the existence of 
a vector xe X such that, for any A e A, the set {T^x; « > l} is dense in X. We obtain results 
valid for any value of d > 1 whereas the previously known results where restricted to d = 1. Our 
methods also shed new light on the one-dimensional case. 


1. Introduction 

Let X be a separable F-space (namely a separable topological vector space wbicb carries a 
complete translation-invariant metric), and let F £ ^ (X). We say that T is bypercyclic provided 
there exists a vector x e X sucb that its orbit 0{x, T) = {T"x; n > 0} is dense in X. The vector 
X is called a bypercyclic vector for T and the set of bypercyclic vectors for T will be denoted 
by HCiT). More generally, let {F„) be a sequence of operators acting on X. We say that x is 
bypercyclic for (r„) if {r„x; n> 0} is dense in X and we denote by HC{Tn) the set of bypercyclic 
vectors for (r„). 

Hypercyclic operators have been intensively studied in the last few decades (see (6) and fTTI ). 
One of the most interesting problem in this field is to find, for a given family of hypercyclic 
operators, a common hypercyclic vector. It turns out that, as soon as T is hypercyclic, HC[T) is 
a residual subset of X. Hence, for any countable set A, provided each Tx, A e A, is hypercyclic, 
Haea HC{Tx) is a residual subset of X and in particular is nonempty. 

When A is uncountable, the situation is more difficult and has attracted the attention of many 
mathematicians . In the litterature, we may find two kinds of results regarding common hyper¬ 
cyclicity. 

• algebraic results: these results were first obtained by Leon and Muller in (14) when they 
showed that, for any operator T e £^iX) and any 6 e K, HC{e‘^T] = HCiT). This re¬ 
sult was extended to Co-semigroup in H) by Conejero, Muller and Peris: if [Tt)t>o is a 
strongly continuous group on X, then for any t > 0, HC[Tt) = HCiTi). 

• analytic results: the pioneering work in that direction is due to Abakumov and Gor¬ 
don (HI) who showed that nA>i^^C(AB) is nonempty, where B is the (unweighted) 
backward shift on £ 2 - This was shortly later improved by Costakis and Sambarino in 
(9) who showed that nA>i HCiAB) is residual. Costakis and Sambarino gave a rather 
general criterion for a family [Tx)xei indexed by an interval I to have a residual set 
of common hypercyclic vectors. This criterion may be applied to many classical se¬ 
quences of operators, like translation operators Tq, a e C\{0}, which are defined on the 
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set of entire functions //(C) by Taif) = /(• + More precisely, the criterion shows that 
nee[ 0 , 2 ;r] HC{t gw) is nonempty. 

It turns out that both the algebraic results and the analytic results are one-dimensional re¬ 
sults. They show that certain families indexed by a subset of [R have a common hypercyclic 
vector. Sometimes, we can combine the two methods to obtain two-dimensional results. For 
instance, by the analytic method, you can show that nA>i HC[AB) is residual and by the alge¬ 
braic method, you can show that for any 0 e IR and any A > 1, HC[e‘^AB) = HC{XB). This yields 
the following two-dimensional result: n|A|>i HC{AB) is residual. A similar argument is used to 
prove that riaeCMOi HC[Ta) is a residual subset of H[C). 

It was observed by Borichev (see (T|) that there are dimensional obstructions to the existence of 
a common hypercyclic vector. Indeed, let A c ( 1 , -foo)^ and for A = (s, t) e A, define = sB®tB 
acting on £2 ® ^ 2 - Then each 7;^ is hypercyclic but if rixEAHCiT^] is nonempty, then A has 
Lebesgue measure zero. See also (TT] for other limitations relative to the dimension of the 
parameter space. 

However, there are at least two seminal papers where two-dimensional results do appear. The 
first one is due to Shkarin in [T7] who has proved that Ha.foec* HCibTa) is a residual subset of 
//(C). The proof combines a two-dimensional analytic result, precisely n&>o,aesi HCibTa) is 
residual, with two successive applications of the algebraic results. The second one is due to 
Tsirivas in HH) (see also HSI). Tsirivas shows that if (A„) is an increasing sequence of positive 
real numbers tending to -(-00 such that A„+i/A„ goes to 1, then naec\{ 0 } HCiTx„a) is a residual 
subset of //(C). This is a two-dimensional analytic result, since we cannot apply the algebraic 
results when A„ 7 ^ n. 

Both results of Shkarin and Tsirivas are truely "tours de force" which seem specific to the trans¬ 
lation operators on //(C) or at least to operators very similar to them. In particular, it is not 
clear if their arguments may be adapted to higher-dimensional families or to operators acting 
on a Banach space and not on a Frechet space. In this paper, we provide a new approach which 
allows us to prove common hypercyclic results for general high-dimensional families. The very 
simple main idea is the following. The key point in Borichev’s example is the fact that if A"B"x 
is close to y, then jj.’^B’^x cannot be close to y provided p is far away from A. Now, if you are 
working with the group of translations (Tq), then fix+na) and fix+ nb) can be simultaneously 
close to g even if b is far away from a. Indeed, this just mean that / has to be close to g on the 
balls centered in - n a and in-nb, and these conditions are in some way independent. This will 
allow us, in order to construct a common hypercyclic vector /, to use the same n for different 
values of the parameter! 

Here is our main result. 

Theoreml.l. LetiTaiam^ be a strongly continuous group on with the uniform mixing prop¬ 
erty. ThenClaEWixmHCiTa) is a residual subset of X 

We shall define later the uniform mixing property, but it is a rather natural condition which is 
satisfied by many operator groups. By applying Theorem ll.il we will get many new examples 
of common hypercyclicity which are not reachable with the previously known arguments and 
for high-dimensional families! 
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We shall use two main ingredients in our proof. Firstly we translate the problem of finding a 
common hypercyclic vector to the problem of finding a suitable covering of compact subsets 
of IR^. Secondly we give a way to produce such coverings. It is based on a method to split 
sequences of real numbers which are going to infinity but not too quickly, and in fact our state¬ 
ment is more general than Theorem 11.11 since it covers sequences and not only iterates 

(Tna)- 

Even for operator groups like the translation group, there are obstructions to the existence of 
a common hypercyclic vector for the sequences of operators ^ C\{ 0 }, which is linked 

to the growth of the sequence (A„). Indeed, Costakis, Tsirivas and Vlachou have shown in (TO) 
that, if liminf„^+oo > 2, then riaecqoi HC[Tna) is empty. This shows that, in some sense, 
the result of Tsirivas quoted above is optimal, but leaves open the case = 17 " with q e (1,2]. 
Using our covering argument, we are able to extend this result to the remaining case and to any 
operator group! 

Theorem 1.2. Let iTa)aEU^ strongly continuous operator group on X and let (A„) be an 
increasingsequence of positive real numbers such thatliminf„ > 1. TfiennfleK<i\{ 0 } HC{Tx„a) 

is empty. 


When we add supplementary conditions, the method of Costakis and Sambarino is unefficient 
to solve certain problems. This is the case if we consider frequent hypercyclicity, a notion in¬ 
troduced in (5| . Recall that for a set A c N, its lower density is defined by 


dens (A) = liminf 

N^+OO 


#{n < N; neA} 
N 


where #B stands for the cardinal number of B. Given a sequence of operators {r„) of X, we say 
that X e X is a frequently hypercyclic vector for (r„) if for any [/ c X open and nonempty, the 
set {n; TnX e 17} has positive lower density and we denote by FHC[Tn) the set of frequently hy¬ 
percyclic vectors for (r„). As before, for a single operator T, FHC{T) will stand for FFIC[{T^)]. 
It was shown in [5] that, for any a e C\{0}, Ta acting on H{0 is frequently hypercyclic. Moreover, 
the algebraic method can be carried on frequent hypercyclicity. In particular, if (.Tt)t>o is a 
strongly continuous semigroup on X, then for any t > 0, FHC{Tt) = FHCiTi). This implies in 
particular that we can find a common frequently hypercyclic vector for all operators (Tfl)aeR\{ 0 }, 
a result first obtained in (5] . 

The methods introduced in this paper allow us to go further and to prove the following natural 
result. 


Theorem 1.3. The setriaec- FFlC[ra) is nonempty. 

As before, a more general version of Theorem ll.3l will be proved in Section[5] In particular, this 
version can be applied to all the examples introduced in this paper and to high-dimensional 
families, which is rather surprizing! 

In the last two sections of this paper, we give related results. First, we study the existence of a 
common hypercyclic vector for all multiples of operators living in a high-dimensional operator 
group, leading to a multidimensional generalization of the above result of Shkarin. Second, we 
emphasize on the algebraic method, showing that it is also helpful to obtain multidimensional 
results. 
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2. The uniform mixing property 

2.1. The uniform mixing properly and a covering argument. In this section, we introduce our 
main condition for an operator group to admit a common hypercyclic vector. This condition is 
an enhancement of the mixing property. 

Definition 2.1. A group iTa)aEU‘‘ acting on X has the uniform mixing property if, for any U, V 

nonempty open subsets of X, there exists C > 0 such that, for any p > 1, for any ai.ap £ 

with II at II > C and ||a, - aj || > C for any i,je{l,...,p} with i ^ j, there exists / £ ?7 such that 
TajfeV for any j = l,...,p. 

This property is weaker than the Runge property introduced hy Shkarin in [17] (see also the 
forthcoming Section Moreover, as it is observed in (7] for a similar property, the Runge 
property cannot be satisfied for an operator group defined on a Banach space. We shall see later 
that there exist operator groups defined on Banach spaces and satisfying the uniform mixing 
property. 

Our first result says that the existence of a common hypercyclic vector for an operator group 
can be deduced from the construction of a suitable covering of We shall see later (Theorem 
14.31 1 that the converse is true. 

Theorem 2.2. Let (Tal^gj^d be a strongly continous group on X with the uniform mixing prop¬ 
erty. Let K be a compact subset o/IR^\{0} and let (A„) be an increasing sequence of positive real 
numbers. Assume that, for alle >0 and all C > 0, for all N eN, we can find M> N and a finite 
number {Xn,k)N<n<M, i<k<p„ of elements of K satisfying 

(A) For any n, m, k, j with {n,k)^ (m, j), then 

II ^n^n,k ~ ^m^mj II — C- 

(B) For any xeK, there exist n,me {N, ...,M} and ke{l,..., pn) such that 

\\ Xm^ ~ ^ri^n.kW < £• 

ThenPiaEK HC{Tx,,a) is a residual subset of X. 

Proof. Let U, V be nonempty open subsets of X. It is sufficient to show that 

Un {/ £ X; Va £ K, 3n £ N, n„af e V} 

is nonempty (see for instance O Proposition 7.4]). Let g^V and let V' be a neighbourhood 
of zero such that g+V' + V' . Since [To) is strongly continuous, the uniform boundedness 
principle says that the map [a,f) ^ Taf is continuous. In particular, there exist £i > 0 and W 
a neighbourhood of zero such that TaiW) a V' for any a with || a|| < ei. Moreover, there exists 
£2 > 0 such that Tfyg) - geV' provided ||a|| < £ 2 . We set £ = min(£i,£ 2 ). 

We then set Vq = g + W and we apply the uniform mixing property with U and Vq. We get a 
positive real number C and we choose N such that A]vll <^11 > C for any ae K. For these values 
of e,C,N, we get points [Xn,k) satisfying (A) and (B). Applying the uniform mixing property 
with the sequence (A„x„ fc), we know that there exists f ^ U such that fy^^xnkf ^ 
admissible choice of [n, k). Pick now xe K. We may find m, n, k such that 

\\XffiX — XfiXfi.kW < £• 
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Now we write 

S '^AffiX AnXnii^S S 

'^AffiX—AfiXn,k^'^Afi,k^n,kf‘ '^ApiX—A/iXfi^k S S' 

' -V-' '-y-' 

eW eV 

' -,-' 

eV’ 

Hence, Ta^jc/ belongs to y, which yields thatriaejc HC(rA„a) is a residual subset of X. □ 
We shall apply Theorem l2.2l under the following form. 

Corollary 2.3. Let [Ta)aER‘‘ ^ strongly continous group on X with the uniform mixing prop¬ 
erty. Let K be a compact subset o/IR^\{0} and let (A„) be an increasing sequence of positive 
real numbers. Assume that, for all e > 0 and all C > 0, there exists j > 0 such that, for all 
N eN, for all compact subsets L ofK with diam(L) < y, we can find M > N and a finite number 
AT, of elements ofL satisfying 

(A) For any n, m, k, j with {n,k)^ [m, j), then 

II ^n^n,k ~ ^m^mj II — C. 

(B) For any xe L, there exist n,me {N,..., M} and A: £ {1, such that 

IIA ffiX l^n^n.kW ^ £. 

ThenPiaiiK HC{Tx„a) is a residual subset of X. 

Proof. Let £, C > 0 and AT e N. We get some y > 0 and we write K as a finite union of compact 
subsets Li,...,Lq with diam(L;) < y. We apply iteratively the construction for each Li with Ni 
defined as follows: 

. Ail = AT; 

• if at Step i, we have constructed elements (x„ fc) until n < Mi, we take Ni+i > Mi any 
positive integer n such that A„ || a|| > Am, II fill + C for any a,be K. This ensures that the 
separation property (A) keeps beings true on the whole set of points 
Hence, the whole sequence (x„ fc), n = Ni,...,Mi, i = l,...,q, satisfies the assumptions (A) and 
(B) of Theorem l2.2l that we may apply. □ 

2.2. An efficient way to split sequences of positive real numbers. We need now to introduce a 
condition on positive sequences of real numbers (A„) in order to ensure common hypercyclic¬ 
ity of the family (Ta^a). For the translation group on iT(C), N. Tsirivas has introduced in [IB] a 
sufficient condition: it suffices that, for any M > 0, there exists a subsequence (/i„) of (A„) such 
that pn+i - Pn^ M for any n and £«>! = +oo. This last condition was not very surprizing, 

because it was the main property on the whole sequence of integers (n) which was used in the 
Costakis-Sambarino criterion. For our purpose, we will weaken this condition in order to allow 
sequences with faster growth. 


Definition 2.4. We say that an increasing sequence (A„) has property (SG) if, for any B > 0, 
there exist p > 1 and a subsequence (p„) of (A„) such that 


• Pn+l — PPn't 
. foranynoeN,I+~^^i 




B 

Mho 
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We first show that many classical sequences have property (SG). 

Proposition 2.5. Let [An) be an increasing sequence of positive real numbers tending to +oo such 
that An+\/An 1. Then (A„) has property (SG). 

Proof. Let B>0. There exists po > 1 such that > B. We set p = Let p > 1 he such 
that < p provided n> p. We then set ip(0) = p and we define y/in) for n > 1 by induction 
using the following formula: 

ip{n + l) = inf{m>ip{n); Am>pAy,(„)}. 

Then > pAy/^n] snd Ay/^n+i] — P^y/(n+i]—i — P ^y/(n] ~ P 0 '^i//(n)- Setting pn — Ay/(n)} we 

immediately get the conclusion. □ 

To be able to produce coverings in arbitrary large dimensions, we will need to be able to iterate 
the property ^ ^ arbitrary many times. The precise statement that we need is 

contained in the following technical lemma. 


Lemma 2.6. Let d>l and > 0. There exists B := B{d, Al) > 0 such that, ifipn) Is an increasing 
sequence of positive real numbers such that, for any no £ W, ^ > if 1 

Ll-i ^ IT-) then we can find si e N, subsets Ey o/N''”^ for r = 2,...,d+l, maps Sy'.Ey^ Nfor 

II i 

r = 2,...,d and a one-to-one map (f): £’rf+i — {0,..., s} such that 

• for any r = 2,..., + 1, 

Ey = {iki,...,ky-i); ki < Si, k2 < 52 (^ 1 )-^ Sy-iiki,...,ky-2)}. 

• foranyr = I,..., d, for any [ki,..., ky-f eEy, 

^ 7 , --7^-• 

j=l P(p(ki,...,kr-i,j,Q . 0 ) P(p(ki,...,kr-i.0,...,Q) 


• If [ki,... ,kd) > {.k[,... ,k'^) in the lexicographical order, then 


Proof. We proceed by induction on d. The result is clear for d = 1, setting simply B = A, Si = s 
and (p{k) = k. Assume now that the result until step d -1 is known and let us prove it for step d. 
Let A > 0 and let us set 

B:=B[d,A) = [A + 2)B[d-l,A)-t-3. 

Let ipn) be an increasing sequence of positive integers and s > 1 be such that 

s 1 ^ +00 ^ ^ 

^ — > — and ^ — >-for any no e N. 

n=l Pn Po n = no+l Pn Pno 

We set (/){0,..., 0) = 0 and we define by induction (/){j + 1,0,..., 0) as the smallest integer N such 
that 

g J_ ^ Bid-l,A) 
k =( p ( j , Q ,..., 0)+1 Pk Pipij .0 0) 

in particular, 

Bid-I, A) ^ 1 ^ Bid-l,A) + l 

P4>ij,0 . 0) /t=(^(/,0,...,0)+l Pk P(pU,0 . 0) 


(1) 
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We stop when j + 1 = Si where Si is the smallest integer t such that 


In particular, 


0 (f,^..,O) ^ {A+l)B[d-l,A) + 2 

^ TT-- 7 , -• 

k=(p(0,...fi)+l B(plO,...,0] 


0(51 A...,0) ^ iA+l)B[d-l,A) + 2 0hiA...,o) ^ 

E — ^ -+ E — 

fc=0(0.0)+lMfc M0(O,...,O) fc=0(5i-l,O,...,O)+l 

(Al + 2)B{<i-l,A) + 3 




We claim that (/){si,0,...,0) < s. Indeed, 


0{5iA...,O) j (A + 2)B(d-l,A) + 3 5(d,A) ^ 1 

E — ^^-^E—• 

fc=0(0.0)+l^fc M0(O,...,O) ^0(0,...,0) fc=l^fc 

We now apply the induction hypothesis for j = 0,..., si - 1 hy using the left part of {TJ . We get 
maps (pj, SrJ. We just set(l)ij,ki,...,kd] = (pj{k 2 ,...,kd), Sr{j,k 2 ,...,kr-l) = 

The only thing which remains to he done is to show that 

^1 1 A 

E 


j=i . 0 ) M 0 (o,...,o) 


This can he done hy observing that 


5l 1 

E^^ 

j=i . 0 ) 


1 


Si-l 0(/+l,O,...,O) 1 

-EE — 

Bid-l,A) + l y=i .o)+if^fc 

-- E — 

Bid 1>^) + 1 fc= 0 (i,o,...,o)+i Mfc 

1 


Bid-l,A) + l 
1 

Bid-1,A) + 1 
A 


0(51,0.0) , 0(1,0.0) , 

E -- E - 

fc=i Bk Bkj 

f[A+l)B[d-l,A) + 2-Bid-l,A)-l 


M0(O,...,O) 




□ 


Lemma l2j6l can he applied for sequences (A„) having property (SG). 

Corollary 2.7. Let [An) be a sequence having property (SG). Then for all d > 1 and all A > 0, there 
exist p > I and a subsequence ipn) of [An) such that Pn+i ^ PPn for any n>l and, for all P >0, 
we can find Si e N, subsets Er o/N''“^ for r = 2,...,d+l, maps Sr'-Er^M for r = 2 ,..., d and a 
one-to-one map cp: Ea+i —' N such that 
• for any r = 2,...,d + l, 

Er = {iki,...,kr--i); ki < Si, fca < 52(^1),. ^r-l ^ fcr-2)}- 
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• for any r = I,..., d, for any [ki,..., kr-i) e Er, 

z ---• 

j=l d‘(p{ki,...,kr-i,jfl . 0 ) d‘(p{ki,...,kr-i,0,...fi) 

• 0 (O,...,O)>P. 

• If{k\,...,kd)>{k[,..., k'f) in the lexicographical order, then 

(p{ki,...,kd)>(p{k[,...,k'f]. 

2.3. Common hypercyclic vectors. We are now ready to state and to prove the main result of 
this section. 


Theorem 2.8. Let {Ta]aER‘‘ ^ strongly continuous operator group on X which is uniformly 
mixing and let (/l„) be an increasing sequence of positive real numbers having property (SG). 
Then naererf\{ 0 } HC[Tx„a) is a residual subset of X. 

Proof We first show that HaeK HCiTx^a) is a residual subset of X when .JT is a compact subset 
of (0,+ 00 )“^. We shall prove that the conditions of Corollary [3^ are satisfied. Hence, let £ > 0 
and C > 0. We then apply Corollarv l2.7l to A = Cle to get some p > 1 and some subsequence 
ipn) of iA„) with p„+i > ppn- Since K c (O.+oo)*^, we may find 7 > 0 such that, given any 
a = («!,..., afi e K, pai - ai-y > b for all i = 1,..., d. Let now L be a compact subset of K 
with diameter less than 7 and let Ai e N. To simplify the notations, we shall assume that L = 
nf.iWi.i i + 7 ] with bi > 0. We apply the properties of the sequence {p„) given by Corollarv l2.7l 
with P> N such that 

Pp inf {pbi-bi-j)>C. 

i=l,...,d 

We get maps Si,...,Sd and (p. We may now define our covering of L. We set 


no= min (p{ki,...,kd), mQ= max (p{ki,...,kd) 

(ki,...,kd) {ki,...,kci) 

and let n e {no, ■■■, mg}. Then either n is not a (p{ki ,..., k^) and we do nothing. Or n is equal to 
(p[ki,. ..,kd) for a (necessarily) unique (fci,..., fcrf). We then define the set {Xn,k}i<k<pn 


Ln 


bi + - 


aiC 


■ + ■ 


■ H-h ■ 


b 2 + 


P0(O,...,O) P0(1,O,...,O) 

aaC £ 


M 0 (fci,o. 0 ) 


■ + • 


■ + ■ 


h(p[ki,0,...,0) P(t>[ki,l,0 .0) 


P-(piki,k 2 .0) 


, oidC £ £ 1 1 

bd H-1-1-1-i oc\,... jOCd — br. 

P<p(ki,...,kd-i,0] P-(p(ki,...,kd-i,l] P-(p(ki,...,kci) I I 

We also set = P(p{ki,...,ka] we claim that (A) and (B) of Corollaryare satisfied with cjn 
instead of An (but is of course some Am and it would be sufficient to renumber everything). 
Indeed, let (n, k) 7 ^ (m, j). We distinguish two cases: 

• either n^ m, for instance n < m. In that case, 

- iO„Xn,k\\ >Wmbi- [bi + 7 ) > ppipbi - fii - 7 ) > C. 


(2) 
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• or n = m = (p{ki,...,kd). We write Xn,k and x„j as before, with respectively the se¬ 
quences {«!,...,arf) and (/3i,..., Pd)- Since k ^ j, at least one Pi differs from a,. Now, 
looking at this coordinate, we get 

\\^n^n,k ^n^tiyjW — C > C. 

Let us now prove (B): let xe L. There exists ai > 0 such that 

, aiC , {ai-Fl)C 

hi H- < Xi < foi H-. 

f^ 4 >(o,....o) P 0 (o,...,o) 

Now, by construction of (f>, using Corollary 12.71 frecall that A = C/e), there exists ki < Si such 
that 

, aiC e e 

bi + --F--F • • • -F-< Xi < 

M 0 (o,...,o) P 0 (i,o,...,o) P 0 (fci,o,...,o) 

, uiC e e 

bi H-1-1-F ■ 


b4>(ki-H,0,...,0) 

(a2 + 1)C 


M(/>(0,...,0) b(f>(l,0 .0) 

This ki being fixed, there exists a 2 > 0 such that 

, a:2C , 

02 H-< X2 < 02 -F 

b-(piki,0,...,0] b(p(kifl,...fl) 

Iterating this construction, we find ai,..., > 0 and ki,...,kd such that, for all i = 1,..., d, 

aiC e e 


bi H-1-1-F ■ 

b<piki,...,ki-i,0,...,0) b<p{ki,...,ki-iAfi 0 ) 

aiC e 


b4>(-ki,...,ki-i,ki,0,...,0) 


< Xi < 


bi + - 


■ + ■ 


■ H-F ■ 


bfplki .fc;_i,0,...,0) b<l>(ki .fc;_i,l,0,...,0) b-(piki,...,ki-i,ki+l.0,...,0) 

Let n = (p[ki,...,kd) and let x„ ^ corresponding to this value of ai,...,ad. Then, for any i = 

1,..., d. 


^n^n,k\\ — b-<p(ki,...,kd) ^ 


< e. 


i=l,...,d b(l>(ki,...,ki+i,0 .0) 

Hence, by Corollarv l2.31 HaEK HC[Tx„a) is a residual subset of X. This works for any compact 
set K c (0, -Foo)^ or, more generally, for any compact set K contained in some open orthant of 
IR'^\{0}. Now, assume that K = x K' where K' is a compact set of (0, -Foo)® and define, for 
b e Sb = T[Q^b) - Then (Si,)i,eRe has the uniform mixing property and thus 

n nan^a) = n HCiSx^b) 

asK bEK' 

is a residual subset of X. 

To conclude, let ^eid) be the subsets of {1,..., d} with cardinal number equal to e. For n > 1, 
£ = ±1 and S G S^eid), define 


Ki,nAS) = 


{0} if / C S 
\^,en\ if ieS. 


Then, writing IR^\{0} as the countable union Ue=i.dU«>i Uee{-i,i}<iUseg»,(d) nf=i (S), we 

easily get the conclusion. □ 
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Remark 2.9. In property (SG), the condition fin+i ^ is rather unpleasant. It is necessary 
to separate sufficiently jJ-nXn,k and when m.li we just looked at n||a||=i HC[Tx^a)> 

we could replace it hy the more pleasant condition Hn+i - see the section devoted to 

frequent hypercyclicity and in particular compare lO above and 0. 

3. Examples 

3.1. A sufficient condition. We now give examples of operator groups having the uniform mix¬ 
ing property. We first begin by a criterion which can be seen as a strong form of the hypercyclic¬ 
ity criterion. 

Propositions.!. Let[Ta)aER‘‘ be an operator group on X and let \\-\\ be an F-norm on X. Assume 
that there exists a dense set D c X such that, for any f ^ D and any £ > 0, there exists C > 0 
such that, for any N > I, for any ai,..., ajsi & with || at - aj \\>Cifi 7 t j and || a; || > C, then 
l|l^i=i < a. Then [Ta)aER^ bas the uniform mixing property. 

Observe that the hypercyclicity criterion shares the same assumptions restricted to = 1. For 
the definition of an F-norm, we refer to (TT| . 

Proof Let U, V be nonempty open subsets of X. There exist g,heD, e>0 such that B ig, e) <^U 
and B[h,e) c V. Applying the assumptions with [g,el2) and with ih,el2), we get two positive 
Cg and Ch- We set C = max(Cg, C/,). Let us consider Ai > 1 and ai,..., ajv e with || at - aj || > C 
and II aj || > C. We define 

N 

f = g-JlT-aih. 
i=l 

Clearly ||/-g|| < c/2 < e. Moreover, let j e Then 

"bujf ~ Tajg~ ^ Taj-aib+ h. 

Setting bi = aj - at, then ||h;|| > C and ||h; - fi/|| = ||a; - fl/|| > C provided i ^ 1. Hence, || Tajf- 
h\\ < e and Taj feV. □ 

Example 3.2. Let lu : — IR be a positive bounded and continuous function such that x ^ 

is bounded for each a e IR^. For a and p >1, let Ta be the translation operator 
defined on X = LP{W^, w{x)dx) by Ta/(x) = f{x + a). Assume moreover that f^d wix)dx < -too. 
Then na£Rd\{ 0 } HCiTa) is a residual subset of X. 

Proof Let D c X be the dense set of compactly supported continuous functions. Let f ^ D, 
£ > 0 and let A > 0 be such that the support of / is contained in B(0, A). There exists some C > 0 
such that 

• for any a,beW^ with || a - fi|| > C, Taf and T^f have disjoint support. 

• f\\x\\^c-A^(^^dx<-^. 

Let N>1 and a\,...,aN with || a,- - aj || > C and || a, || > C provided i ^ j. Then 

N 

I Taj 
1 = 1 

SO that (TfllaeRd has the uniform mixing property. □ 


i 


l^w(x)dx< 


||x||>C-A 
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This improves (even when d = \) Example 7.20 of ( 6 | . 

We can also deduce from Proposition IS.ll a useful corollary to get common hypercyclicity. 


Corollary 3.3. Let (TalaeKrf be an operator group acting on X and let || • || be an F-norm on X. 
Assume that there exist a dense set D c X and p > d such that, for any f £ D, there exists A> 0 
such that 


TafW < 


A 


a\\P 


for any a e with || a\\ > 1. Then (TalaeKd has the uniform mixing property. 


Proof We shall see that the assumptions of Proposition 13.II are satisfied. The key point is to 
observe that, if [at) is any sequence in such that Wat - ajW > 1 for any i ^ j, there exists 
Krf > 0 such that, for any k> I, 


#{i-, 2 ^< lladi 


Let now f e D, e > 0 and C > 1. Let ai,..., fljv e with || a,- - aj || > 1 if i j and || a,-1| > C for 
any i. Then 


N 

I Taj 


1=1 


I 

I II 

TajW 

k; 2*:>C i: 

;2'=<||ai||<2»:+i 


A I 

I 

1 

2kp 

k; 2’‘>C 

i] 2*:<||fl;||<2*^+i 

AKd Y. 

k; 2»:> 

1 



and this is less than e provided C is large enough. 


□ 


3.2. The Range property. Our second example deals with groups having the Runge property 
introduced in Czl. The name "Runge property" is reminiscent for the method of proof of the 
hypercyclicity of on //(C), a 0. 

Definition 3.4. Let (TalaeRd be an operator group on X. We say that (TalaeRd has the Runge 
property if for any continuous seminorm || • || on X, there exists C > 0 such that, for any AT > 1, 

for any bi .hjv e with || bi - bj || > C for i ^ j, for any gi.g^v e X, for any £ > 0, there 

exists / e X such that || ThJ-gi || < e for each i = l,...,N. 

Proposition 3.5. An operator group having the Runge property has the uniform mixing property. 

Proof. Let U, V be nonempty open subsets of X, let g,he X, let || • |l be a continuous seminorm 
on X such that {f e X; \\f-h\\<l}cU and {f e X; II/- g|| < 1} c For this seminorm || • || 
and for £ = 1, applying the definition of the Runge property, we find some C > 0. Let AT > 1 
and fli,..., fljv £ with || at - aj || > C and || a; || > C for any i ^ j. Define bo = 0 and bi = a; for 

i = 1. N. Then there exists / £ X such that || Ti,^f - h\\ < 1 and || T^J- g\\ < 1 for i = 1,..., A(. 

In particular, f eU and Taj £ V for any i = l,...,N, so that (Ta)aeRd has the uniform mixing 
property. □ 

InUZl, it is shown that the translation group {Ta)a€C acting on //(C) has the Runge property. In 
several complex variables, the situation is less clear due to the lack of Runge theorem. However, 
this remains true if we restrict ourselves to translations by vectors in IR^. 
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Example 3.6. The operator group acting on H[C‘^) has the Runge property. 

Proof. By a result of Khudaiherganov (l3l, the union of a finite union of disjoint halls in C'^ 
with centers in is polynomially convex. By the Oka-Weil theorem (see for instance fTSi ). 
any function holomorphic in a neighbourhood of a compact polynomially convex set iC c 
can he uniformly approximated hy holomorphic polynomials. Hence, let || • |l he a continuous 
seminorm on There exists A > 0 such that, for any / e 

||/||<||/IU:=A sup \f{z)\. 

||z||<A 

We set C = 4A and we consider a finite set of points hi,..., fijv in and a finite set of holo¬ 
morphic functions gi,...,gN such that \\bi - bj\\ > C provided i ^ j. Let B, he the closed hall 
Bi = {z e || z - bi || < A}. Since these halls are pairwise disjoint, iC = Bi u • • • u Bjv is polyno¬ 
mially convex. Thus, there is a polynomial / such that sup^^^. |/(z) - g, (z -i- fi,) | < el A for any 
i = We obtain immediately that || Ti,.f- g,-1| < e for any i = □ 

It is also very easy to show that the translation group [Ta)a€R^ acting on the Frechet space 
Cc(R^) of continous functions / : R^ — R with the topology of uniform convergence on com¬ 
pact sets satisfies the Runge property. 


3.3. Heisenberg translations. We now give an example of a group which is not a translation 
group. Let d > 2 and let X = be the Hardy space on the (euclidean) unit ball of 

denoted by Let (p be an automorphism of Then the composition operator defined 
by Cfpif) = /o0 is a bounded operator on iT^(B^). When (p has no fixed points in B^, it has be 
shown in [T2I that is hypercyclic. 

A class of automorphisms plays a crucial role in the study of composition operators and of 
linear fractional maps of the ball, the class of Heisenberg translations (see |2] or (3]). To under¬ 
stand these automorphisms, it is better to move on the Siegel upper half-space 

Hd = {Z = (z,w) e C X 3m(z) > |w|^}. 


The Siegel half-space is biholomorphic to B^ via the Cayley map ta defined by 


(i){Z,W) = 


,1 -I- z iw 


1 -z 1-zj 


^ , (z-i 2w 

, 0 ) (z,w) = 


(z-i -1 z+ i 


The Cayley transform extends to a homeomorphism of B^ onto u dH^ u {oo}, the one-point 
compactification of H^. The image of H^(B^) by the Cayley transform is denoted hy : 


(Hd) = {F : Hd — C holomorphic; Foo) ^ e H' 


As one easily sees by computing the jacobian of ta, (Hd) is endowed with the norm 

|F(z,w)|2 


Mr^„2 2 f l-F(Z,W)r 


IdHd \Z+ l\ 

where k is a constant that we will not try to compute. 

For Y e \{0}, the Heisenberg translation with symbol j is defined by 


Hj{z,w) = (z + 2i<w,7>-t- i| 7 r,w-t- 7 ). 


Hy is an automorphism of Hd fixing oo only and, as already mentioned, Chj is hypercyclic on 
It is also easy to check that (Cn^lygcd i is a strongly continous group on^^(IHld). 
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Theorems.?. Hyec'i-mo} is a residual subset of [Ha). 

Before to prove this theorem, we need a couple of lemmas. 

Lemma 3.8. Let p>l. The functions [zi - l)Pg(z), where g runs over the ball algebra are 

dense in 

Proof Let h e A[Ea) and define 


fklz) = h[z) 


1 - 


\ + Z\ 


^k\p 


V ^ 2 

= gfc(z)(l-Zi)P 


with gfc e AiEa). Lehesgue’s theorem implies that tends to h in H^iE^)- We conclude hy 


density of A{Ed) in H^{Ed). 
Lemma 3.9. Let p>\ and let 


□ 


D„ = <F e A{Ha); there existsC > 0 s.t. Viz,w) |F(z,w)|<- 

1 \z+i\P 

Then Dp is dense in (Hrf). 

Proof This follows immediately from the previous lemma and the definition of the Cayley map, 
since 

\z-i 


2 

\z+i\' 


Lemma 3.10. There exists a dense set D c (Hd) such that, for any F e D, there exists > 0 

such that, for any Y eC^~^\{0}, lyl > 1, 


(3) 


WChjFWj^ ^ 



Proof We shall see that, provided p is large enough. Dp satisfies the conclusions of the lemma. 
Precisely, let e e (0,1) he such that (2d - 1) - e{d - 1) > 2d - We then adjust p so that 2ep > 
2d-1 and we pick F e Dp, y e C'^~^ with lyl > 1. To simplify the notations, we shall write during 
this proof that u< v provided there exists C > 0 such that u<Cv where C does not depend on 
7 (it may depend on F, p or e). Then 


^ LA 
^ I -./ 

Jx€ 

^ / -./ 


|F(x+ i|w|^ + 2 i<w, 7 > + i| 7 l^,w+ 7 )|^ 
\x+ ilwp + 


dxdw 


1 


xeR (1 + |x| + |wp)2^{|x-23m<w,7>| + ly + wp + l)P 


-dxdw 


1 


JxeR (1 + |x| + |w|2)2<t{l + |y + w|2)2p 


dxdw. 


We split the integral following the value of |y + w|. Assume first that |y + w| < y*^. Then, writing 


< . 


(1 + |X| + |w|2)2<^ {l + |y + w|2)2p (1 + |x| + |y|2)2rf 
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and observing that the ball B(- 7 , y'^) in ^ has volume comparable to we get 

\ <yt2E[d-l) 


/ I 

aiw+rl<r'^ Jxe 


/|w+rl<r^ JxeR (1 + |x| + |w| 2 ) 2 rf{l + |y + w| 2 ) 2 p 

When ly + wl > \ jf, we now write 


I | 2 £(d-l) 

dxdw< -< 


(1 + lrl 


2 '| 2 d-l ^ 


|y|2{2d- 


(1 + |x| + |w| 2 ) 2 ^ (1 + I 7 +W| 2 ) 2 p ~ (1 + |x| + |w| 2 ) 2 ‘^ (l+l 7 | 2 ^) 2 p 

We integrate this over x |R. Taking into account the inegalities satisfied by e and p, we get 
the result of the lemma. □ 


Proof of Theorem [377[ Theorem 13.71 follows immediately from Corollary 13.31 and Lemma 13.101 

□ 


4. Obstructions to common hypercyclicity 

4.1. A converse to the covering property. In this section, we now show that, even if a group 
[Ta]a€R'^ has the uniform mixing property, we cannot expect that naeRd\{ 0 } HC[Tx^a) is non¬ 
empty provided (A„) grows too fast. We need a condition on the group saying that it is not too 
quickly mixing. 

Definition 4.1. We say that an operator group {Ta)aER‘‘ is locally separating if, for any A > 5 > 0, 
there exists a nonempty open set U such that TaU nU = 0 provided <5 < || a|| < A. 

It turns out, that under this condition, the existence of a common hypercyclic vector implies a 
covering property similar to that of Section ISAl 

Lemma 4.2. LetK be a compact subset of let{Xn)n be an increasing sequence of positive 

real numbers going to infinity and let [Ta)a€.R‘^ he a strongly continuous operator group on X 
which is locally separating. Assume thatCla^K HCiT^^a) Is nonempty. Then, for all A> 5 > 0,for 
all N eN,we can find M> N and a finite number iyn,k)N<n<M,i<k<qn of elements ofK satisfying 

(A) for any n,m,k,j, either \\Any ti,k-l^mym,j\\ <S or\\Anyn,k-^mym,j\\ > 2 !. 

(B) 

Proof Let / e HaEKHCiTx^a) and let, for n>N, 

V„ = {aeK-, Tx.af^U} 

where the open set U is given by the local separation property. Then each Vn is an open subset 
of K and K is contained in U«>iv ^n- By the compactness of K, there exists M> N such that K a 
U^]v consider xeK and let n{x) be the smallest integer n> N such that xeVn. 

Then K is contained in UxeJcB |x, By the compactness of K again, we can extract a finite 

sequence iyn,k)N<n<M such that each belongs to Vn andiTis contained in 

Moreover, since Tx„y„^J e U and Tx„y„_jf e U, it is plain that Tx„y„^^-Xmymj^ r\U which 

implies (A) by the definition of U. □ 

When {Ta)aE.Rd has the uniform mixing property, we can close the circle and show that the 
converse of Theorem l2.2l is true! 
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Theorem 4.3. Let {Ta)aER^ ^ strongly continous group on X with the uniform mixing prop¬ 
erty. Let K be a compact subset of U^\{0} and let{Xn) bean increasing sequence of positive real 
numbers. Then the following assertions are equivalent: 

(1) r\a€KHC[T;i^^a) is a residualsubset of X. 

(2) For all e > 0 and all C > 0, for all N e N, we can find M > N and a finite number 
iXn,k)N<n<M. i<fc<p„ of elements of K satisfying 

(A) For any n, m, k, j with [n, k] ^ (m, j), then 

II ^n^n,k ~ ^m^mj II — C. 

(B) For any xe K, there exist n,me {N .M} and A; c {1,..., p„} such that 

\\XmX — AnXfi^kW < 

Proof. That (2) implies (1) has already heen proved in Theorem 12.21 Assume now that (1) is 
satisfied. We first observe that the uniform mixing property implies the local separation prop¬ 
erty. Indeed, let A > 5 > 0. By the uniform mixing property and Theorem ll.il Hae R‘*\{ 0 } HC[Ta) 
is nonempty. Pick / e na£Rd\{ 0 } FlC{Ta). Then Taf ^ f for any a e IR'^\{0}; otherwise, the set 
{Ttf; t > 0} would be compact, hence nondense. By continuity of the map / Taf and by 
compactness of the corona {a e 5 < ||a|| < A], there exists a neighbourhood U of f such 
that Tall r\U = 0 for any a with 5 < || a|| < A. Hence, we may apply Lemma l4^ and we 
are lead to show that the conditions of this lemma imply (2). Let C, £ > 0 and N eN. We apply 
Lemma l4^ with A = C and 5 = c/2 to get M and {yn,k)- We order using the lexicographical 
order. We construct by induction sequences (y'.) and (A^) by setting y[ = yiv,i, A\ = Ajv and, 
provided yp...,y'.,Aj,...,A^ have been constructed with y'. = yn,k and A^. = A„, we set 

y'^i = inf{(m,^)>(u,A:); Vp<_/, IIAmy^/- Apypll > A} 

and A^.^j is the corresponding A^- If {ni,() does not exist, then we stop the construction. We 
then rename (y') as (x„ fc): for a given n in {N,...,M}, we set {x„^k} = iy'jl A'j = A„}. The con¬ 
struction of the sequence iXn,k) immediately implies that (2) (A) is satisfied. Moreover, let xe K. 
We know that there exists [n, k) with ||A„x- A„y„,fc|| < 5. By construction, there exists [m,£) 
with m<n such that l|A„y„,fc“^m^m,^ll < -A. But since is itself an element of the sequence 
iyp,u)> we have l|A„y„ fc- d.m'^m.fll < S. This implies |iA„x-Am^m/ll <25 = e, so that (2)(B) is 
satisfied. 

□ 

4.2. Obstructions. We may now state the main theorem of this section, which is the desired ex¬ 
tension of the result of Costakis, Tsirivas and Vlachou. We say that an interval in is nontrivial 
if it contains at least two points. 

Theorem 4.4. Let I be a nontrival compact interval inU‘^\{Q} and let [Ta) aeRd be a strongly con¬ 
tinuous operator group onX which is locally separating. Let also (A„) bean increasing sequence 
of positive real numbers such tfinfliminf^ A„+i/A„ > 1. ThenClaEi HC{Tx^a) = 0- 

The proof of this theorem will depend heavily on the following easy lemma on intervals of IR. 

Lemma4.5. Letbe intervalsofU. Then 7\(/i u/ 2 u• • • u/p) is the reunion ofs disjoint 
intervals El,..., Es withs< p-Fl and\Ei\-\ -hlfi'^l > |/|-|/il-|/p|. 
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Proof. We proceed by induction on p, the result being trivial for p = 0. Let Ei,...,Es, s< p+1 
be disjoint intervals such that /\(/i u /a u • • • u Jp) = EiU---u Es. Renumbering the intervals 
if necessary, we assume that max£’; < min£’i+i. We divide the proof into several cases: 

• if there exists some j such that Jp+i c Ej, then set Ej\Jp+i E" where E'j and E'. 

are intervals. In that case, 

/\(/iU/ 2 U---u/p) = £’iU---u£’;-iu£'-u£’"u£j+iU---u£’s- 

• if there exist j < k such that min/p+i £ Ej and max/p+i e E^, then Ej\Jp+i := E'j, 
Eic\ Jp+i := E'j^ where E'j, E'^ are intervals. In that case, 

/\(/l U /2 U • • • U /p) = £1 U • • • U U U U u • • • u Es. 

• if min [Jp+ 1 ) does not belong to £1 u • • • u £5 or max(/p+ 1 ) does not belong to £1 u ••• u £ 5 , 
the proof is similar and even simpler. 

□ 


We will use Lemma l43] under the form of the following corollary. 


Corollary 4.6. Let I,Ji,...,Jp be intervals ofU such that I /| > L ^ I/p I • Then /\ (/i u /2 u • • • u /p) 
contains an interval of length at least [|/| l/pl) • 

We are now ready for the 

Proof of Theorem W^ Let ^ > 1 be such that, for any j > 1, > q. Let us observe that if 

ipn) is an increasing sequence of positive real numbers such that {A„] n > 1 } is contained in 
{pn, n > 1}, then OaEi ElCiT^^^^a) ^ ClaEiHCiTp^a)- Then, adding some terms to the sequence 
[An) if necessary, we may always assume that, for any j > 1 , 

T /■ + 1 n 

■ 

Aj 

We argue by contradiction and we assume that flae/ HC[Tx„a) 5 ^ 0- To simplify the notations, 
we shall assume that I cU. Let m > 1 be such that < 7 '” > 2(m + 1) and let 5, A > 0 and Ai £ N be 
such that 


1 

1 + - + - 
-46 


1 


• + ■ 


jin-l 


1 

< - 
8 




> 1 


By Lemma l4^ there exist M > N and a finite sequence [ yn , k ) N < n < M , i < k < q „ such that (A) and 
(B) are satisfied. For n> M, we set = 0. Let n > Aibe fixed. We set = 0 if = 0. Otherwise, 
we construct intervals Jn,k and ^ as follows. We set ki = I and 


Jn,l — 


Vn, 


25 


25 \ 


ki . I Vn.ki "t . 


. J'n,l = 


An.ki 


. I Yn.ki + . 

4n 4n 


Let k 2 be the hrst integer k> ki such that y„ ^ Then by (A) |A„(y„ “ y«,fci)l > A. We 

then set Jng = (y«,fc 2 “ ) and ^ = (y^.fe “ y^Aa + £) • continue this process 

a finite number of times (until this is impossible). At step s, we require that ks is the smallest 
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integer k > ks-i such that y„ ^ C 1 < 7 < s - 1. We denote hy the numhers of intervals 
constructed in this way. 

For any n > N, we have thus constructed a finite number of intervals Un,j)i<j<un of length 
AdlXfi such that 


(4) 


drst{/„, 7 ,/„,fc) > —-provrded ] ^k 


u 

k=l 


yn,k , )yn,fc+ » IU • • • U• 

V Ttn Afi) 


We finally set In = 1 and, for j > 0, /jv+ 7+1 = In+ 7^ ^N+j.k- By (B) and Im+i is empty. 

But we will contradict this fact by showing by induction on 7 > 1 that /iv+ m 7 contains an interval 
of length at least This property is true for m = 0 and assume that it is true at rank 7 . Let 

/ c be an interval of length . . We claim that, for any n in {N+mi,...,N+m{j + \)-\}, 

at most one interval Jn,k can intersect /. Indeed, for ki^ I, 


dist(/n,fc,^ 


A-A5 

Xn 


A — 4d Tjv+m/ A — 4d 

-X- - > -X 

XN+mj Xfi X]Sf+mj 


1 


>l/|. 


For n e {N + mjN + m[j + 1] - 1], let K„ = 0 if no interval Jn,k intersect / and let K„ = J„j^ 
if Jn,k is the unique interval /„/ intersecting /. Then 


fN+m[j+l) ^ U • • • U K]\[+jn{j+l)-l)- 

We apply Corollarv l4.6l Ipj+mij+i) contains an interval of length greater than 


m + 


(l/l \Ki\j+fnj\ \Kn+m[j+l)-l\) — 


1 


m +1 


1 


45 


45 


, Xn+ m 7 X]Sf+ 


1 


mj 

( 


[fn+ 1 )/Ijv+to 7 

1 

2 (m+ l)Ajv+n 27 

1 


1-45 




XN+m(j+l)-l 

1 


iBI-l 


XN+mij+1) 


This concludes the proof of Theorem l4.4l 


□ 


Remark 4.7. Theorem 14.41 remains true if we replace the condition liminf A„+i/A„ > 1 by the 
following one: there exists p > 1 such thatliminfA„+p/A„ > 1 . 

Since the uniform mixing property implies the local separation property, we get a kind of du¬ 
ality for an operator group with the uniform mixing property. If the sequence {A„) does not 
increase too quickly, then nfleRd\{ 0 } HC[Tx^a) is nonempty. If the sequence (A„) does increase 
very quickly, then even for any nontrivial compact interval I in IR^\{0}, Hae/ HCiT^^al = 0- 
When the compact interval I is “radial” (namely, when it is contained in a line passing through 
0), then we can dispense with the local separation property in the statement of Theorem l4.41 

Corollary 4.8. Let I he a nontrivial compact interval in \ {0} which is contained in a line pass¬ 
ing through 0 and let (TalaeRrf be any strongly continuous operator group on X. Let also (X„) 
be an increasing sequence of positive real numbers such that\iminf„ X„+it X„ > 1. Then the set 
r\a^iHC{Tx„a) is empty. 
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Of course, this corollary immediately implies Theorem ll.21 

Proof. Let beU‘^\ {0} and k > 1 be such that I = lb,Kb]. Then consider the group {St)t€U defined 
by St = T^b- Then HCiSx^f) = Haei Now, a hypercyclic group defined on 

IR has automatically the local separation property. Indeed, pick f e X such that {Stf; t e K} 
is dense in X. Then, for any t e [5,A] u [-A,-(5], Stf ^ f; otherwise {Stf; f e K} would be 
compact. It is then easy to find by a compactness argument a neighbourhood U of f such that 
SfU r\U = 0 for any f e IR with 5 < | f | < A. □ 

Question 4.9. Does Theorem \4.4\ remains true if we do not assume that [To) is locally sepa¬ 
rating? 

Question 4.10. Let K be a compact subset o/(0, +oo) and let (A„) = iq"), q > 1. Assume that 
r\a€K HCiTx^a) is nonempty. Can we link q and the Hausdorjf dimension ofK? 

5. Common frequent hypercyclicity 

5.1. A covering of the unit sphere with control. In this section, we study the existence of com¬ 
mon frequently hypercyclic vectors for operator groups, proving in particular Theorem ll.3l Our 
first main argument is a way to divide sequences of integers like in Corollarv l2.71 but now with 
a control on the growth of the function f (in order to obtainhypercyclicity). We need 
to introduce a definition. 

Definition 5.1. We say that an increasing sequence {A„] has property (FHCSG) if 

• for any n>l, A„+i - A„ > 1; 

• for any C > 0, there exists peN such that, for any N> I, 

1 C 

2 ^ — - —• 

n=N+l Tjv 

The main difference with property (SG) is that the number of terms of the sum appearing in the 
last displayed inequality does not depend on N. 

When a sequence satisfies property (FHCSG), we have the following improved version of Gorol- 
larv l2.7l 

Lemma 5.2. Let (A„) be a sequence having property (FHCSG). Then for alld>\ and all A > 0, 
there exists Q e N such that, for any N e N, we can flndsi e N, subsets Er ofN'^~^ for r = 2,. ..,d-t-l, 
maps Sr :Er for r = 2 ,..., d and a one-to-one map (p: £’d+i —' N such that 

• for any r = 2 . d + \, 

Er = {[ki,...,kr-i); ki < Si, ka < saCki),..., A:,-i ^ Sr-i(ki,..., A:,-2)}- 

• for any r = 1. d, for any [ki . kr-i) e Er, 

Sriki,...,kr-i) Y 

- - -• 

j=l .0) ^(j)iki,...,kr-i,0,...,0) 

• Forany(ki,...,kd), {li,...,ld)^Ed+i with(ki,...,kd) (/i,...,Zd), then 

|0(ki,...,A:d)-(/)(Zi,...,Zd)| > A 
Ar<0(Z:i,...,M<W+Q-l. 
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Proof. We first observe that there exists p > 1 such that, for any n eN, Xn+i ^ pXn- Indeed, 
there exists p e N such that, for any At e N, 

N+p , , 

I — . 

n=N+\ Xn 

This yields Let now d > I and > 0. Let k e N with k > A and let B := B{d,A) be 

given by Lemma lZHl We apply property (FHCSG) with C > 0 such that 

C{ I \ , 

— iH-1——j- A). 

k\ p *^ 

This gives some peN. Let N eN and define {pn) by setting p„ = Xn+hk- Let s > 0 be such that 
SK > p. Then for any r > 0, 


r+s -I 

I - ^ 

n=r+l 


> 


> 


I ( 1 1 V- 


K 

1 f 

K 

If 

K 


1 




n=r+l 
P 


1 


1 


■ + ■ 


.Xn+ UK Xn+ llK-l 

1 


■ H-h ■ 


1 + ... + . 


,jf-l 


u=l Xn+vk+i 

c 

Xn+vk 


XN+nK-(K-l) 


Bid, A) 

Pr 


Hence, we may apply Lemma lSTHl to the sequence ipn) and to s. We get Sr, By and cf). We finally 
sety/iki,...,kd) = N+K(p[ki,...,kyi). It remains to observe that AT < A:^) < Ar+ ks to get 

that the conclusions of Lemma lSiZl are satisfied, with y/ instead of (p and Q = ks + 1. □ 


We deduce from this lemma a covering lemma for the unit sphere of with control of the size 

of the covering. 


Lemma 5.3. Let (A„) be an increasing sequence of positive real numbers satisfying property 
(FHCSG). Then, for any d > \, for any 5 > 0, for any B > 0, there exists q > 0 such that, for 
anyNeN, there exists a finite number of elements ix„jc] „=N,...,N+q-i ofS‘^~^ suchthat 

(A) 

(B) If in, k) ^ im, j), then || - XmXmj II 3: B. 

The main difference with the coverings used when we applied Theorem l2.2l is that now we use 
at most q values of the sequence iX„], whereas this size was not controlled before. 

Proof. We first observe that 5“^“^ can be covered by a finite union of sets . Ku such that, 

for each j = l,...,u, there exists a surjective map jj : [0,1]^“^ — Kj which is bilipschitz: 3c> 0 
such that, for any y,ze [ 0 , 1 ]^“^, 

c“^||y-z|| < |lr;(y)-r;('Z)ll ^ c||y-z||. 

Of course, c may be chosen to be independent of j. We apply Lemma 15^ to d-l and to A = 
max I ^, B j to get some Q>0. LetAicN and let us first show how to cover .ATi. The sets . the 
maps Sr,4> are defined by Lemma [5^ and let n e {N,...,N+ Q- 1}. Then either n is not equal 
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to some (f>{ki,...,kd-\) and we do nothing or n = (f>{ki,...,kd-\) for a unique {ki,...,kd-i). We 
then define the set {yn,k\ as 


[ 0 , 1 ] 


d-l 


n 


■ + ■ 


'^ 0 ( 1 , 0 ,..., 0 ) 
61 c 


■ H-h 


6/c 


aicB 61 c 
azcB 

^ 0 (fci,O,...,O) . 0 ) ' 


■ + ■ 


•^ 0 (fci,O. 0 ) 

61 c 


■ H-h ■ 


■ + 


6/c 


H-h ■ 


6/c 


ad-icB 

. kri-2,0) ^4>iki,...,kd-2,l) ^(l>iki,...,kd-2,kd-i) I 


OC\f... i 0C(l— I 



We set, for any n = N,...,N+Q-l and any k, Xn,k = Ti(yn,k) and letxeKi, x = 7i(y). Arguing 
exactly as in the proof of Theorem l2.8l and since A > c^BI6, we find some {n, k) such that 


\\y-yn,k\\ ^ 


6 

cAfi 


which implies 

6 

\\X-Xn,k\\ ^ -r- 

Moreover, consider ^ and Xmj with (n, k) {m, £). Then either ni^m and hy construction of 


(5) II AfiXfij^ AmXyfi( ||>|An A^l^ln w|>A>_B. 

Or n = m and in that case, as in the proof of Theorem 12.81 ||A„y„,fc - A„y„/|| > cB which im¬ 
mediately yields ||A„x„,fc - A„x„/|| > B. Thus, we have produced a good covering of K^. We 
produce a similar covering of Kz hut starting from N+Q + k and thus stopping atAi-t-2Q-l-t-K 
where k e N is such that k > B. More generally, we do the same for each Kj, j = 
starting at W-i- (j - 1)(Q -i- jc) and stopping at W-i- (j - 1)(Q -i- x) -i- Q - 1. We finally get a net 
iXn,k)N<n<N-Ku-i)[Q+K)+Q-i of Satisfying (A) with q= iu-l)iQ + K] + Q-l. Moreover, (B) 
is also satisfied since, if Xn,k belongs to the covering of Kj and Xm,e belongs to the covering of 
Kf for £ ^k, then |n- m| > k so that II A„x„,fc - A^Xm/H >B. □ 


We now combine the previous covering argument with the production of sets with positive 
lower density. 


Lemma 5.4. Let (A„) be an increasing sequence of positive real numbers satisfying property 
(FHCSG). Let [Bp] and {6p) be two sequences of positive real numbers. Then there exist a se¬ 
quence iqp) of positive integers, a sequence (Np) of subsets ofN such that 

(1) for any p>l, for any N e Np, there exists a finite number {x„^ic)N<n<N+qp-i of elements 
o/S^“^ such that 


• if{n,k) ^ im,£), N<n,m< N-t qp-l, \\AnXn,k-A^x^jW ^Bp. 

(2) Each setNp has positive lower density. 

(3) For any p,r>l and any [N, AT) e Np x with N ^ M, 


I AT — Af| > (Bp + Br + qp + qr). 
(4) For any p>l, min(Np) > Bp. 
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Proof. For a fixed value of p (and thus of Bp and 6p), let > 0 be given by Lemma [5l3l We 
then apply (H Lemma 6.19] to the sequence [Np) defined by Np = Bp + qp. This provides a 
sequence (Np) of pairwise disjoint subsets of N such that each Np has positive upper density, 
min(Np) > Np and \N-M\>Np + Ny whenever N ^ M and (N, M)e NpX Ny. Finally, condition 
(1) follows by applying Lemma lOl for any AT c Np. □ 

5.2. The uniform frequent hypercyclicity criterion. We now give a criterion for an operator 
group to have a common frequently hypercyclic vector. It is not very surprizing that this crite¬ 
rion is a strenghtened version of the frequent hypercyclicity criterion. 

Definition 5.5. Let iTa)aER‘‘ be an operator group on X and let || • || be an F-norm on X. We say 
that (Ta) satisfies the uniform frequent hypercyclicity criterion if there exists Dc X dense such 
that, for any f e D, 

( 1 ) L Taif converges for any sequence (ai) a with || - aj || > 1 for any i ^ j. 

( 2 ) sup I £ TaifW teiids to zero as C goes to infinity, where the sup remum is taken over the 
sequences («;■) c such that || a, - aj || > 1 for any i j and || a; || > C for any i. 

We need a very last lemma on sets with positive lower density. 

Lemma 5.6. Let F c N with positive lower density and let qeN. Let F a H he such that, for any 
ne E, [n,n + q)r\F is nonempty. Then F has positive lower density. 

Proof. Write E as an increasing sequence (n^). For all fc > 1, there exists at least one element of 
Fin lnkq,n^k+i)q). Hence 

dens(F) > dens ffnt-^)] > — dens (F) > 0. 

□ 

Theorem 5.7. Let ( Ta) aeRrf be a strongly continuous operator group on X satisfying the uniform 
frequent hypercyclicity criterion. Let [An) be an increasing sequence of positive integers satisfying 
property (FHCSG). Thenr\a^s'^-iFHC[Tx^a) is nonempty. 

Proof Let (/p) c D be a dense sequence in X. For any p > 1, let dp > 0 be such that || Tafp-fp II < 
2“P provided || a|| < dp. We then consider a sequence [Bp)p>i where Fp > 1 is such that, for any 
sequence [ad c with Uadi ^Bp- \ and ||a; - af] > 1 whenever i j, then ||£; Ffl;/fc|| < 2 “^ 
for any k < p. We then apply Lemma 1531 to these sequences [Bp) and (dp). For all p > 1, we 
define the set {adp)} as the set of all the for AT describing Np and Af < n < N+qp-l. Then 

we may observe that, for any i > 1 , Hadplll > |A„| > Bp and for i ^ j, ||adp) - aj[p)\\ > 1 . This 
comes trivially from the lemma if adp) = A„x„ ^ and aj[p) = AmXmy with N < n,m< N+qp-l 
and N eNp (observe that there exists at most one N in Np such that N < n < N + qp - 1). 
Otherwise, 

||adp)-fl;(p)ll > \A„-Am >\n-m\>mf{\N-M\; M,NeNp, N}-qp> Bp> 1. 

The same proof shows that, if p r, then for any i, j, 

||adp)-ay(r)|| >Bp + By. 
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By definition of Bp, we know that for each p > I, the series Li>i T-ai{p)fp converges and that 
T-ai{p)fp \ < 2“P. We finally set 

/“ T'-ai[p)fp 

pal I >1 

and we claim that / e r\a^s‘‘-' PHC{Tx„a)- Indeed, let a e g ^ X and let c > 0. There 
exists p > 1 such that Wfp- g\\ < 2~P and 2~P{p + 3) < e. Moreover, for any N e Np, there exists 
n £ {N,...,N+qp-l} such that || < Sp. Let i > 1 he such that = ^nXn,k- Then 

TXnaf^g = ^^PKa-ajir]fr+^Tx„a-ajip]fp + [Tx„a-ai(p)fp^ fp] 
r<P j j9^i 

+ (/p“S')+ 'y. 'y. P\„a-ai{r)fr- 
r>p j 

Let us set, for any r,j, bj{r) = A„fl- ajir). Then ||fiy{r) - fifc(r)|| > 1 for any r > 1 and any k j. 
Moreover, if r 5 ^^ p, then 

||h;(r)|| > ||adp)-n/(r)|| - ||fl,{p)-A„a|| >Bniax(r,p) -1 
and this inequality is also true for r = p and jV L By definition of {Br) and 5p we then get 
\\Tx„af-g\\ ^ {p-l) 2 -P+ 2 -P + 2 -P + 2 -P+X 2 -''<(p + 3)2-P<e. 

r>p 

Lemma lH^ then achieves the proof that / is a frequently hypercyclic vector for Ta- □ 

Wehre {A„) is the whole sequence of integers, we can combine this with an algebraic result of 
[ 8 ] to obtain: 

Theorem 5.8. Let (Tal^gud he a strongly continuous operator group satisfying the uniform fre¬ 
quent hypercyclicity criterion. ThenriaEWiMO] FHC{Ta) is nonempty. 

We now give examples where the previous theorems may be applied. 

Corollary 5.9. Let {Ta)aEU‘‘ he an operator group acting on X and let || • || he an F-norm on X. 
Assume that there exist a dense set D a X and p > d such that, for any f & D, there exists Al > 0 
such that 



for any a^U^ ujith\\a\\ > 1 . Thenr\a€.'R‘^\{Q]Fh{C^Pa) is nonempty. 

Proof. The proof of Corollarv l3.3l shows that, under the above assumptions, [Ta)aeRd satisfies 
the uniform frequent hypercyclicity criterion. □ 

Corollary 5.10. Let w:W^ he a positive hounded and continuous function such that x ^ 
is hounded for each a e IR^. For a e IR'^, let Ta he the translation operator defined hy 
TafM = f[x+ a) defined on X = LP[U‘^, w{x)dx), p > 1. Assume moreover that fyd vj[x)dx < 
+ 00 . ThenP\aEm.'i\mP hiC{T a) is nonempty. 

Proof. Let D c X be the dense set of compactly supported continuous functions. Let f & D 
and let 2 I > 0 be such that the support of / is contained in B{0,A). Let [ad a be such that 
II ai - aj II > 1 for any i j. Then it is easy to check that there exists k > 0 which just depends 
on the dimension d and of A (and not of the particular choice of the sequence [ad) such that. 
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for any x e IR"^, || x - a, || < A for at most k different a/. This implies that, for all x £ the series 
£, /(x+ Ui) is convergent (the sum is finite) and that |Li/(x + a;)| < k||/||oo. Therefore, if we 
assume moreover that inf; || a; || > C, then 

i 

and this goes to zero as C goes to +oo. Hence, the sequence {Ta)aER^ satisfies the uniform 
frequent hypercyclicity criterion. □ 

Corollary 5.11. The composition operators on (Hd) induced by a Heisenberg translation ad¬ 
mit a common frequently hypercyclic vector. 

Proof. As for Theorem l3.71 we may apply directly Corollarv l5.9l □ 

5.3. Uniformly Range transitive operators groups. We now turn to the case of the translation 
group on The translation operators t^, a e C*, acting on //(C), have very special dy¬ 

namical properties due to the strongness of Runge theorem. An abstract framework to mimic 
what is useful in Runge theorem has been done in linear dynamics for at least two problems: 

• the problem of common hypercyclicity of the whole operator group, like in (TT) or in 
this paper. The natural generalization here seems the Runge property. 

• the problem of frequent hypercyclicity; this leads the authors of (7| to introduce the 
notion of a Runge transitive operator. 

Since we want a common frequently hypercyclic vector, the right concept seems to be a mixing 
of these two properties. 

Definition 5.12. Let {Ta)aER‘‘ be an operator group acting on a Frechet space X. We say that 
iTa)aER‘‘ is uniformly Runge transitive if there is an increasing sequence (|| • ||p) of seminorms 
defining the topology of X and positive integers Ap^s< Cp for p,seN such that 

(i) for all p, 5 e N, / e X and a e with || fl|| < s, 

II TafWp ^ Ap^s\\f\\s+Cp- 

(ii) for all p,s eN with s > Cp, for all g,h e X, £ > 0 and for all finite sets (Z;) c R^ with 
IIZ; - Zj II > Cp and || z; || > s whenever i j, there exists / £ X such that 

ll/-glls-Cp <eand || h||p < £ for all i. 

Theorem 5.13. Let (A„) be an increasing sequence of positive real numbers satisfying property 
(FHCSG) and let {Ta)aER‘^ be a strongly continuous operator group which is uniformly Runge 
transitive. ThenC\g^^s‘‘-iFHC{Tx,^a) is nonempty. In particular, FHC{Ta] 9^0. 

Proof. We first fix a dense sequence [hp) in X and a sequence (£p) of positive real numbers 
going to 0. Let (|| • ||p) be the sequence of seminorms defining the topology of X coming from 
the definition of the uniform Runge transitivity. We then consider a decreasing sequence [dp] 
of positive real numbers and a sequence (Mp) of integers such that, for any p > 1, 

• II Tahp - fipllp < £p provided ||a|| < 5p; 

• \\Taf\\p<£p provided ||/|lMp <<5p and ||a|| <5p. 


< 


c 


I 


wix)dx 


||x||>C-A 
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Since iTa)aEU^ is uniformly Runge transitive, there exist sequences iAp^s) and [Cp] such that (he 
careful! We have slightly changed the notations of Definition l5.12l to adapt them to our present 
context. More precisely, || • |lp is replaced hy || • Hm^ and s is replaces hy A^.) 

(i) for all p, 5 G N, / e X and a e with || fl|| < A^, 


II TafWMp ^ ^p.sll/IUj+Cp- 

(ii) for all p,s eM with A^ > Cp, for all g,he X, all £ > 0, all finite sequences (z/) c with 
II Zi - Zj II > Cp and || Zi || > As whenever j, there exists / e X with 


ll/-g'llA,-Cp <aand || h||Mp < £ for all i. 


We apply Lemma lS^ with Bp = Cp + p and 5p fixed above. We get the sequences (Np) and ipp) 
and we write Up>i Np as an increasing sequence {nj). For any j > 1, there is a unique pj such 
that rij e Npj. Moreover, X„j > nj > Bp. > Cp^ and rij > Bpj > pj. We then define hy induction 
on j a sequence [fj) c X hy setting fo = 0 and fj is such that 


( 6 ) 


ll/;-/;-ilU„.-Cp. ^ - 


Inj 


+ max(Alp„„; t<j, n<nt + qp,) 


II T\nXn,kfi - Kj liMp. < Vnj for all nm{nj,...,nj + pp. - 1} 

and all possible k 

where ipj) is a sequence of positive real numbers such that -^k for any k. It is possible 

to find such an/y because l|A„x„,fc-AmJCm/ll ^ Cpy ifin,k)^ im,£) and ||A„x„,fc|| > A„y for all 
n= nj,...,nj + pj-l and all k. The choice of Bp ensures that (A„y - Cpj) tends to +oo as j tends 
to + 00 . Therefore, ® implies that [fj) converges to some / £ X. Let us now fix j > 1 and £ > j. 
Then, for all n e {np. ..,nj + Pp. - 1} and all possible k, 

II (/"f+l /"^fllMp^. — .^Pj,«j + (/p^. ll/^+l f(''^^nj+qpj+Cpp 

Now, A „,^1 - Cp,_^i > Xuj + qpj + Cp. since A„,^i - A„y > - Uj > Cp.^^ + Cp^ + Pp.. Hence, 

II fA„X„,;t(/£+l ^ ^py,«y+(/p J/f+1 “/£llA„^^j-Cp^^j 

^ T?n,+ibylB). 

Summing these inequalities, we have then shown that 

II ^-tnX„,;t/“ ^py I M - X ^“‘^P;' 

Let us now show that / e naes-^-' PHCiTx^a)- Indeed, let a e let p £ N and N e Np. There 
exist n £ {N,...,N+ pp - 1} and k such that || A„a- A„x„,fc|| < dp. Then 

II ^An^^y^ ^P II p II fA,,^— A,iXn_fc ( ^A,iX„_^ y ^p) II p II AnX,,^^, f^p f^P II p 

< 2£p 

where the last inequality comes from Q and from the definitions of 6p and Mp. We now con¬ 
clude exactly as in the proof of Theorem l5.7l that / g CIqe S,-iFHC[Tx„a)- □ 

Example 5.14. The group of translations {Ta)a€C acting on iT(C) is uniformly Runge transitive. 
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Proof. Let 6 £ (0,1) and set ||/||„ = sup| 2.|<„_5 |/(z)|. We have, for all p, s e N, / e X and aeC 
with |fl| < s, 

||rfl/||p= sup |/(z)|< sup \f[z]\ = \\f\\s+p 

\z-al<p-S |z|<s+p-5 

and, if (Z;) is a finite sequence with \\Zi-Zj\\ > pand||Z;|| >swiths> p, the disks D(z;, p-d) are 
disjoint and disjoint from the disk D(0, s - p-5). Hence, Runge’s theorem immediately yields 
the existence of / e X with 


sup |/(z)-g(z)| <£and sup |/(z) - fi(z- z;)l < £• 

|z|<i-p-5 \z-Zi\<p-S 


□ 


In the particular case of the translation group on HiC), the proof of Theorem 15.131 could he 
slightly simplified by using Arakelian’s theorem of approximation of holomorphic functions on 
closed sets. However, our general theorem maybe applied in other contexts, like the translation 
group on (IR'^j or on H(C^), if we restrict ourselves to translations by an element of IR^. 


6. Multiples of a semigroup 


In this section, we show that we can get a common hypercyclic vector if we consider the multi¬ 
ples of an operator group having the Runge property. As usual, we first need a covering lemma. 


Lemma 6.1. Let d>l,5>0,B>0 and I be a compact interval ofU. Then there exist an integer 
r > 0, elements o/S'^“\ elements (a;)j=i,...,r of I and integers (u/)/=i,.,.,r such that 

• for allae I and all y e there exists j e{l,...,r} with 


5 5 

|a- a^l < — and \\y-yjW < —. 




• for all j ^ I in {1,..., r}, \\njyj - u/y/|| > B. 

• for all j e {l,...,r}, nj>B. 


Proof We combine the Costakis-Sambarino method and the methods of the present paper to 
obtain the right covering. We begin by applying Lemma lS^l to the whole sequence of integers: 
we get some q eM. Without loss of generality, we may assume that 5 e N. We then define a 
sequence ()6m)m>i by setting Pi = min(/) and Prn+\ = Pm+ (m+iKB+q) - Let s > 1 be the biggest 
integer m such that ^ max(/). For each m = l,...,s, we then apply Lemma [531 with N = 
Nm '■= m[B + q). We get elements iXn,kifn)) of S‘^~^ for Nm <n< Nm -F < 7 - 1, k< a)[n). We then 
rename the Xn,k^m) by defining 

{yj; j = l,...,r}:={xn,kim); l< m< s, Nm< n< Nm +q-l, k<(ji)[n)}. 

For any j in {1,..., r}, there exists a unique (m, n, k) such that yj = Xn,kioi). We then set nj = n 
and aj = fm. 

We now verify that the conclusions of Lemma l6.1l are satisfied. Pick (a,y) £ There exists 

m £ {l,...,s} such that \a-Prn\ ^ [m+mB+q] - ^ being fixed, there exist n £ + 

q-l} and k < coin] such that lly- x„,fc(m)|| < Let 7 £ {1,..., r} be such that yj = Xn.kifti) so 
that nj = n and aj = Pm- Since n<{m+\){B + q), the first part of the conclusions of the lemma 
is verified. 
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Suppose now that j ^ I are living in r}. If yj = Xk,nifn) and yi = for the same 

m, then the inequality || njyj - n/j/fcll ^ B follows directly from the corresponding inequality of 
Lemma [531 Otherwise, we simply write 

Wnjyj-niyiW >\nj-ni\>B. 

Finally, for any j in {1,..., r}, nj > B from the very definition of [Nm). □ 

We need a second lemma related to the continuity of (A, a) ^ XTa- It is (TTl Lemma 3.5] where 
it is formulated for d = 2, hut the proof is unchanged for greater values of d. We now assume 
that X is a Frechet space. 

Lemma 6.2. LetiTa)a£R‘i be a strongly operator group on X, letgeX and let || -11 be a continuous 
seminorm on X. Then there exist a continous seminorm HHII on X and 5 > 0 such that || • || < 
III-III and, for any a e IR, x e n e N and f & X satisfying |||g - e“”T„x/lll < 1, we have ||g- 
s^^TnyfW < 1 whenever fe R and ye are such that\a- f \ < ^ and lly- x|| < ^. 

We can now give our multidimensional analogue of Shkarin’s result. 

Theorem 6.3. Let [Ta)a£u.d be a strongly operator group on X with the Runge property. Then 
riAec*, aeR'^qo} HC[XTa) isa residualsubsetof X. 

Proof First of all, as we have already done previously, we apply the algebraic results of Leon 
and Muller and of Conejero, Muller and Peris. They give that HC[XTa) = HCipTh) provided 
|A| = \p\ and a = db ford > 0. Hence, it is sufficient to show that, for any compact set 7 c R, the 
family of operators {e^Ta, a e I, a e shares a common hypercyclic vector. For this, we 
argue as in the proof of Theorem l2.2l hv picking two nonempty open subsets U and 1^ of X and 
by showing that 

Ur\{feX; yael, yaeS^~\ 3neN,e"°‘Tnaf ^V} ^ 0. 

Let g,he X, || • || be a continuous seminorm on X such that {/ e X; \\f-h\\<l}cU and {/ e 
11/“ ^11 < 1} 1^- Let (5 > 0 and let HHH be a seminorm on X satisfying the conclusions of 

Lemma [6]2] Let also C > 0 be given by the Runge property for this last seminorm HHII. We apply 
Lemma [6A] with I, 6 > 0 and B = C to get finite sequences iaf, [yf and [nj). By the Runge 
property, there exists / e X such that 

• lll/-h|||<l; 

• foranyj = l,...,r, ll|e"i“i g||| < 1. 

Then f e U. Moreover, for any [a, a) e I x there exists j such that |a - 1 < dlnj and 

\\a- yjW < 6/nj. By the choice of S and Ill-Ill, this yields We^i^^Tn.af - g\\ < 1, which concludes 
the proof of Theorem l6.3l □ 

By considering multiples of a semigroup, we cannot go much further; in particular, we cannot 
get a common frequently hypercyclic vector for the family {ATa, A > 0, a e In fact, this 

cannot be the case even for an uncountable family of multiples of a single operator, as the 
following proposition points out. It should be noticed that it improves [5] Theorem 4.5] where 
T was equal to B the backward shift. However, the proof remains almost identical. 
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Proposition 6.4. Let T be a continuous operator acting on the F-space X and let A be an un¬ 
countable subset o/{0, +oo). Then the set of common frequently hypercyclic vectors for the family 
UT)xea is empty. 

Proof Let x* be a nonzero linear functional on X and assume by contradiction that x is a com¬ 
mon frequently hypercyclic vector for all operators XT, Xe A, where A is uncountable. Let, for 
any A e A, 

NA = {nGN; x* [X"T’^x) e [1/2,312)}, d;i = dens (NA). 

For all A e A, > 0. Since A is uncountable, this implies that there exist A 5 ^ p in A such 
that N;t nN^ is infinite (see (5) for details). Now, if n belongs to N;t nN^, then A"{r*)”x*{x) e 
[1/2,312) and p"[T*)’^x*[x) e [1/2,3/2). This yields (A/p)” e (1/3,3), which is a contradiction 
since n may be chosen as large as we want. □ 

Our argument in this section is really specific to operators groups having the Runge property, in 
view of [T71 Corollary 1.10] and of the other results of the present paper, the following question 
seems natural. 

Question 6.5. Let [Ta)aEU‘‘ ^ strongly continuous operator group. Assume that there exist 
5 G (0,1) andDc. X a dense subset of X such that, for any f e D, || TafW < CDoes there 
exist acommon hypercyclic vector for the family {XTa, 5 < |A| < 1 /d, a e ? 

1. A NEW LIGHT ON THE ALGEBRAIC METHOD 

7.1. Yet another criterion. We now show how the algebraic method can also lead to common 
hypercyclic results in high dimension. 

Theorem 7.1. Let G be a compact topological group, let[T„^g)(n,g)eNxG be a strongly continuous 
operator semigroup on X. Then for any g e G, HG[Ti^g) = HC[Ti_if). 

Proof. Let u e HC[Ti_ifj, let f e X and let g e G. By m Theorem 2.2] (which is itself a conse¬ 
quence of results of ( 161 ), there exists a sequence [nG of integers such that 

(Ti.ig)"*^ u^v and g"'= 1g. 

Then 


(ri,g)”^M-y = u - ro,g«fc f-F To.gnfc y - f 

= TQ^gnic[Tfij^^l^U— v)To^gnicV — V. 

Now, since (r„,g)(„,g)eMxG is strongly continuous, the map [h,u>)eGy<X^ TohW is continuous 
by the uniform boundedness principle. We easily deduce that (Ti,g) u tends to v. 

Conversely, let g £ G, ue HC[Ti^g) and veX. Let [nf) be a sequence of integers such that 

(ri,g)”*= u^ V and g“"*^ ^ Ig- 

Then we get that u tends to v by writing 

T"la U-V= To,g-"i: [Tn^,g"k W - f) -F To,g-«fc V - V. 


□ 
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This theorem may he applied with G = T the unit circle and = ^T" with T any operator 
on X. It gives hack the Leon-Miiller theorem. However, as we have promised, it also leads to 
interesting multidimensional results. 

7.2. Hyperbolic automorphisms of the ball. We come back to our discussion on composition 
operators on the Hardy space of the Siegel upper half-space Hrf. Let U £ 
tary matrix, let A > 1 and define 

0A,[7(Z,W) = (Az,f/W). 

The maps 0 a, y are automorphisms of Hd (now hyperbolic automorphisms) and it has been 
shown in (T21 that, for any A > 1 and any U e U(C^“^) (the set of unitary matrices over 
the composition operator C(p^_u is hypercyclic on 

Theorem 7.2. Thesetr\x>i, yeU(C‘^-h is a residual subset of [Ha)- 

Proof The proof is divided into two parts, the multidimensional part and the one-dimensional 
part. For the multidimensional part, we fix A > 1, we set G = U(C'^“^) and we write 
This is clearly a strongly continuous semigroup on (Hd). Hence we may apply Theorem l7.2l 

and we know that for any U e 

It is now sufficient to show that, for any A > 1, HG{C0;^ f = HC (G,^^ ^). This is also due to a semi¬ 
group argument! Indeed, define, for a> 0, Ta = Then [Ta)a>o is a strongly continuous 

semigroup hence by the Conejero-Miiller-Peris theorem, HC{Ta) = HC{Ti) for any a > 0. □ 

The previous result and Theorem l3.7l suggest the following natural question. 

Question 7.3. Let the set of all automorphisms o/Hd with -too as attractive fixed point. Is 
r\4,€^ HCiC^) nonempty? 
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